We describe a unified approach to calculating the partition functions of a general multi-level system with a free Hamiltonian. Particularly, we present new results for parastatistical systems of any order in the second quantized approach. Anyonic-like systems are briefly discussed.
where R is the right regular representation of the permutation group S N and c 
where n Γ (µ) ≥ 0 is multiplicity and K µ,1 N (Kostka-Foulkes number) is the dimension of the IRREP µ of the group S N . The sum in Eq.(9) runs over all partitions µ of N, i.e. all IRREP's. The multiplicities n Γ (µ) can be determined from the spectrum of the matrix A Γ 1 N . ¿From Eq.(9) and S M invariant structure of partition function
with the same n Γ (µ) as in Eq. (9) and where K µ,λ are the Kostka-Foulkes numbers enumerating semistandard(column strict) tableaux of weight λ and shape µ.Clearly,
The set of all n Γ (µ) completely determine the statistics, the partition function and the thermodynamic properties of the free S M invariant system. The S M invariant partition function,Eq.(6),becomes
where m λ (x 1 , ...x M ) is the monomial S M symmetric function (summed over all distinct permutations of (λ 1 , ...λ M ),and s µ (x 1 , ...x M ) are the Schur's functions [15] ,satisfying
Note that for the numbers D Γ (M, N) of all allowable N-particle states of a permutation invariant M-level system we have: Remark . If we consider the interactions of particles described by the Hamiltonian
, where N i are number operators,then
If the algebra Γ,Eq. (2),is invariant under the permutation group S M ,then
Multi-level parastatistical systems. Here we analyze multi-level para-Bose and para-Fermi systems since they are important examples invariant under the permutation group S M .The operator algebra corresponding to parastatistics of order p
Its Fock representation satisfies the following conditions:
where the upper (lower) sign coresponds to parabosons (parafermions). Note that Eq. (18) does not imply eq.(16). For p < N,in the N-particle space,there are additional null-states leading to relations not contained in Eq. (18) .For the para-Bose and para-Fermi algebra,Eqs. (16), (17) can be presented in the form of Eq. (2), [11] .
The matrices A p,ǫ λ , |λ| = N can be calculated recursively using the following relation [11, 12] :
where ǫ = ∓1 , the upper (lower) sign is for parabosons (parafermions), and theâ denotes omission of the corresponding operator a.
Case M = 2 . Two-level parastatistical systems have already been studied in Ref. [13] . But the method in [13] is not completely correct (in fact the results for parafermions are false -see (20) bellow).For M = 2,from Eq.(16) it follows for
Then every N-particle state,N = n 1 + n 2 ,n 1 ≥ n 2 , and n 1 , n 2 fixed,can be expressed in terms of the following n 2 + 1 vectors [13] :
In order to find the number d found up to N ≤ 6 (in contrast to [13] ):
i.e. the result does depend on p if p < N,in contrast to [13] 
and for parafermions p ≥ 1:
where µ T is the transposed tableau of µ. Note that the results, Eqs. (20) (21) (22) , for a given λ = (λ 1 , λ 2 ) are valid for all M ≥ 2.
Starting with Green's second quantized approach eqs. (16)- (18) and using the theorem proved in next subsection, we obtain the following :
General result:n p,ǫ (µ) = 1 for all allowed IRREP's µ in the decomposition of d p,ǫ λ ,eq.(10).
In particular for p ≥ N = |µ| = |λ|, the multiplicities and dimensions for parabosons and parafermions coincide,i.e. n pB (µ) = n pF (µ) and d
For the partition function for two-level (M = 2) parabosons of order p ≥ 2 we then have:
i.e. it is independent of p (in agreement with [13] ). The partition function for twolevel (M = 2) parafermions of order p satisfies the recurrence relation,which follows from d p,+ λ , Eq. (20):
where
The solution of eq.(24) is given by
This result is new and differs from that in [13] .In particular, we find for p = 1, 2:
and for p ≥ 3, Z pF (x 1 , x 2 ; p) can be easily found using Eq.(24) or Eq.(25). In the limit E 2 → ∞, x 2 → 0,Eq. (23), (25) reduces to the partition function for one-level x 2 ; p) .However, for p = ∞ the para-Bose (para-Fermi) algebra (16) becomes Fermi (Bose) and hence
Generally, there is no smooth transition from generalized statistics to Bose or Fermi statistics,or from "higher" to "lower" statistics.
General case M ≥ 2. Here we generalize the results of Ref. [13] to any multi-level system and the results of Ref. [14] to parastatistics of any order following the Green's second quantized approach, eqs. (16)- (18).
Theorem. Let us consider the N-particle states of type 1
If the order of Green's parastatistics defined by eqs. (16)- (18) is p ≥ N, then the number d λ of linearly independent physical states is
where K µλ denotes the Kostka numbers and λ is partition of N with parts n 1 , n 2 , ..., n M .
Sketch of proof.
Let us consider all possible states of the type 1
Our aim is to write the canonical basis for this subspace which generalize the corresponding basis for M = 2, Ref. [13] .
We shall transform any given N-state by using the para-Bose (para-Fermi) relations, eq. (18) in the following form (as reduction rules in which, for simplicity, we abbreviate a † k to k etc.):
(here ǫ = +/− refers to parafermions/parabosons). We first start shifting the rightmost index M to the right. This will end with M either in the last or next to last right position * M or * Mi, i < M. Then we apply the same procedure to the second rightmost index M by shifting it to the right as before. After moving all of M's, we end up with states like
i.e. with n M + 1 types of states.
By applying the approach of Bergman, Ref. [16] to the relations (27), we find new important relations (no further relations except these exist if p ≥ N)
which together with (27) ensure the diamond condition for the para-Fermi/paraBose algebras. By applying (28) to the above types of states we further reduce them to the states satisfying 1
After exhausting M's we perform the same procedure on (M − 1)'s , (M − 2)'s ,.. and finally on 2's. In this way we obtain a canonical basis which generalizes the basis for two-level system of the previous subsection. We point out that the dimensions d λ satisfy the same recursion relation as coefficients a λ , ( 
The identity used in Eq.(29) can be found in [15] .The results for parastatistical systems of order p = 2 [14] can be easily obtained from Eqs.(10,11) and our eq.(26).
We point out that the parastatistics in the first quantized approach of Ref. [17] , [18] leads to the same partition functions as we have found. However, these two parastatistics basicaly differ: (i) since within the first quantized approach [17] , [18] , we find the anyonic-like commutation relations [5] :
